Estimating eps'/eps . A user's manual by Fabbrichesi, Marco
ar
X
iv
:h
ep
-p
h/
99
09
22
4v
4 
 2
8 
Se
p 
19
99
Estimating ε′/ε . A user’s manual
M. Fabbrichesia
aINFN, Sezione di Trieste and Scuola Internazionale di Studi Superiori Avanzati,
via Beirut 4, I-34014 Trieste, Italy.
I review the current theoretical estimates of the CP-violating parameter ε′/ε , compare them to the experimental
result and suggest a few guidelines in using the theoretical results.
1. Notation
The parameter ε′ measures direct CP violation
and is defined by the difference of the amplitude
ratios
ε′ =
ε√
2
{ 〈(ππ)I=2|LW |KL〉
〈(ππ)I=0|LW |KL〉
− 〈(ππ)I=2|LW |KS〉〈(ππ)I=0|LW |KS〉
}
, (1)
where KL,S are the long- and short-lived neutral
kaons, and ε measures indirect CP violation in
the same system.
It is useful to recast eq. (1) in the form
ε′
ε
=
GFω
2 |ǫ|ReA0 Imλt
[
Π0 − 1
ω
Π2
]
, (2)
where, referring to the ∆S = 1 quark hamiltonian
HW =
∑
i
GF√
2
Vud V
∗
us
[
zi(µ)+τ yi(µ)
]
Qi(µ) , (3)
we have that
Π0 =
1
cos δ0
∑
i
yi Re〈Qi〉0 (1− Ωη+η′) , (4)
Π2 =
1
cos δ2
∑
i
yi Re〈Qi〉2 , (5)
where the Wilson coefficients zi and yi are known
to the next-to-leading order in αs and αe [2]. The
four-quark operators Q1···10 are the standard set
Q1 = (sαuβ)V−A (uβdα)V−A ,
Q2 = (su)V−A (ud)V−A ,
Q3,5 = (sd)V−A
∑
q (qq)V∓A ,
Q4,6 = (sαdβ)V−A
∑
q(qβqα)V∓A ,
Q7,9 =
3
2 (sd)V−A
∑
q eˆq (qq)V±A ,
Q8,10 =
3
2 (sαdβ)V−A
∑
q eˆq(qβqα)V±A ,
(6)
and the hadronic matrix elements are taken along
the isospin direction I = 0 and 2. Accordingly,
A0 is the amplitude A(K
0 → ππ, I = 0) and ω
is the ratio ReA2/ReA0, the smallness of which
goes under the name of the ∆I = 1/2 rule; it
plays an important role in the theoretical predic-
tion of ε′ . The parameters τ ≡ −VtdV ∗ts/VudV ∗us
and Imλt ≡ Vtd V ∗ts are combinations of Cabibbo-
Kobayashi-Maskawa coefficients. See the review
on ε′/ε in ref. [1] for the definition of the isospin-
breaking correction Ωη+η′ and the final-state in-
teraction phases δ0,2 as well as more details on
the definitions above.
2. Preliminary remarks
Let us go back to eq. (2), where
GFω
2|ε|ReA0 ≃ 10
3 GeV−3 . (7)
If we were to take
Π0,2 ≃ αs
π
[mK ]
3 ≃ 10−2 GeV−3 , (8)
that is, estimating the hadronic matrix elements
by simple dimensional analysis (αs/π takes into
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Figure 1. The pie chart: In yellow/light-gray
(green/dark-gray) positive (negative) contribu-
tions to ε′/ε of the effective operators Q1·10.
Hadronic matrix elements in the vacuum satu-
ration approximation.
account the size of QCD induced Wilson coeffi-
cients), and
Imλt ≃ 10−4 , (9)
which is certainly reasonable, we would obtain
ε′/ε ≃ 10−3 , (10)
a back-of-the-envelope estimate which is remark-
ably close to the experimental result. What is
then the problem?
Consider the contribution of the various oper-
ators in the (very simple minded) vacuum satu-
ration approximation for the hadronic matrix el-
ements. Figure 1 visualizes this computation in a
pie chart that graphically shows how the contri-
butions come with different signs and that cancel-
lations among them can be sizable. Dimensional
analysis cannot be assumed to be reliable in the
presence of such large cancellations and therefore
the result (10) cannot be trusted.
The actual cancellation depends on the size of
the hadronic matrix elements 〈Qi〉0,2, the esti-
mate of which requires some control on the non-
perturbative part of QCD. This is by far the
main source of uncertainty in any theoretical es-
timate of ε′/ε . In addition, also the determi-
nation of the overall factor Imλt depends on the
non-perturbative amplitude for the transition of
K0 − K¯0, thus making the final uncertainty even
larger. 1
It is on the basis of such a cancellation that,
in the early 90s, the idea that ε′/ε could be
very small—of the order of O(10−4) if not alto-
gether vanishing (thus mimicking the super-weak
scenario)—took hold of the theoretical commu-
nity. 2 At the same time, the discrepancy between
the two experimental results and in particular the
smallness of the FNAL result played a role in fa-
vor of a small ε′/ε .
It is only this year (1999) that the (preliminary)
results from the new-generation experiments have
finally settled the question of the size of ε′/εand
converged on the value
ε′/ε = (2.1± 0.46)× 10−3 (11)
which is obtained by averaging over the pre-
liminary results for the 1998-99 experiments
(KTeV [3] and NA48 [4]) as well as those in 1992-
93 (NA31 [5] and E731 [6]). The result in eq. (11)
rules out the super-weak scenario and makes pos-
sible a detailed comparison with and among the
theoretical analyses.
3. Experiment vs. theoretical estimates
Given the fact that the gluon and electroweak
penguin operator tend to cancel each other con-
tribution to ε′/ε , the question is whether this
cancellation is as effective as reducing by one or-
der of magnitude the back-of-the-envelope esti-
mate of the previous section or not.
Before the publication of this year experimental
results, there were three estimates of ε′/ε . Two
of them (Mu¨nich and Rome) for which the can-
cellation took place and one (Trieste) for which it
did not.
1The presence of large non-perturbative uncertainties is,
in a nutshell, the reason why ε′/ε is in general such a bad
place where to look for new physics.
2That idea was made stronger by the ever-growing mass
of the top quark that made such a cancellation between
gluon and electroweak penguin operators more and more
effective.
(ph) (lattice) (χQM)
Bi µ = 1.3 GeV µ = 2.0 GeV µ = 0.8 GeV
B
(0)
1 13 (†) - 9.5
B
(0)
2 6.1± 1.0 (†) - 2.9
B
(2)
1 = B
(2)
2 0.48 (†) - 0.41
B3 1 (*) 1 (*) −2.3
B4 5.2 (*) 1÷ 6 (*) 1.9
B5 ≃ B6 1.0± 0.3 (∗) 1.0± 0.2 (∗) 1.6± 0.3
B
(0)
7 ≃ B
(0)
8 1 (*) 1 (*) 2.5± 0.1
B
(0)
9 7.0 (*†) 1 (*) 3.6
B
(0)
10 7.5 (*†) 1 (*) 4.4
B
(2)
7 1 (*) 0.6± 0.1 0.92 ± 0.02
B
(2)
8 0.8± 0.2 (∗) 0.8± 0.15 0.92 ± 0.02
B
(2)
9 0.48 0.62 ± 0.10 0.41
B
(2)
10 0.48 1 (*) 0.41
BK 0.80± 0.15 0.75 ± 0.15 1.1± 0.2
Table 1
The Bi factors in three approaches. (†) stands for
an input value and (*) for an “educated guess”.
The situation has not really changed this year,
except for those new estimates that have come
out, partially confirming the Trieste prediction of
a large ε′/ε .
To compare different approaches, it is useful to
introduce the parameters
Bi(µ)
(0,2) =
〈Qi〉0,2
〈Qi〉V SA0,2
(12)
which give the correction in the approach with
the respect to the result in the vacuum saturation
approximation (VSA). Let me stress that there is
nothing magical about the VSA: it is just a con-
venient (but arbitrary) normalization point. Ac-
cordingly, there is no reason whatsoever to prefer
values of Bi = 1 and most the cases in which
the parameters have been computed they have
greatly deviated from 1—a case in point is the pa-
rameter B
(0)
1 , which can be determined from the
CP conserving amplitude A0 and is ten times big-
ger than its VSA value because of the ∆I = 1/2
rule.
Table 1 collects the Bi parameter for three ap-
proaches. Notice that larger values of BK give
smaller values for Imλt and accordingly for ε
′/ε .
In discussing the various approaches, it is impor-
tant to bear in mind that a Bi parameter, being
normalized on the VSA, could depend on a quan-
tity, like ms, even when the estimate itself does
not.
Let consider the two most relevant operators
B6 and B8. There is overall agreement among the
various approaches on B8. On the other hand, for
the crucial parameter B6 the Mu¨nich and Roma
group must relay on an “educated guess” and only
the Trieste group provides a computed value. For
this reason, I think that is fair to say that both
the Mu¨nich and Roma 3 estimate suffer of a sys-
tematic bias in so far as the crucial parameter
B6 is not estimated but simply varied around the
large 1/Nc (vacuum saturation) result. In a com-
putation that essentially consists in the difference
between two contributions, the fact that one of
the two is simply assumed to vary around a com-
pletely arbitrary central value casts some doubts
about any statement about unlikely corners of pa-
rameter space for which the current experimental
result can be reproduced by the theory.
4. Extended caption to Fig. 2
The simplest way of summarizing the present sta-
tus of theoretical estimates of ε′/ε consists in
explaining Fig. 2. Let us group the various es-
timated according on whether they were pub-
lished before or after the last run of experiments
(early 1999), in other words, between those pub-
lished when the value of ε′/ε was still uncertain
and those after it has been determined to be
≈ 2×10−3. The various approaches substantially
agree on the short-distance analysis and inputs
and therefore I will only discuss here the long-
distance part. 4
3See [7] for comments about the unreliability of the pre-
vious lattice estimate of Q6.
4Most current estimates, in trying to reduce the final error,
treat the uncertainties of the experimental inputs via a
Gaussian distribution as opposed to a flat scanning.
• Pre-dictions:
– Roma 1996 [8] It is based on the
lattice simulation of non-perturbative
QCD. The hadronic matrix elements
are included using the lattice sim-
ulation for those known and “edu-
cated guesses” for those which are
not known. Only the Gaussian treat-
ment of the uncertainties (red/dark-
gray bar) is given.
– Mu¨nich 1996 [9] It is based on a mix-
ture of phenomenological and 1/Nc ap-
proach in which as many as possible of
the matrix elements are determined by
means of known CP conserving ampli-
tudes and those remaining by leading
1/Nc estimates. Both the flat scanning
(light-blue/light-gray) and the Gaus-
sian treatment (red/dark-gray) of the
uncertainties is given. The two values
correspond to two different choices for
the strange quark mass.
– Trieste 1997 [10] It is based on the
chiral quark model. All matrix ele-
ments are parameterized in terms of
three parameters: the quark and gluon
condensates and the constituent quark
mass. The values of these param-
eters are determined by fitting the
∆I = 1/2 rule. Chiral perturbation
corrections are included to the com-
plete O(p4). Both the flat scanning
(light-blue/light-gray) and the Gaus-
sian treatment (red/dark-gray) of the
uncertainties is given. 5
• Post-dictions
– Mu¨nich 1999 [11] It is an updated
analysis similar to that of 1996. The
two ranges are now those obtained by
using the Wilson coefficients in the
HV and NDR regularization prescrip-
tion. Again, both the flat scanning
5I thank F. Parodi for the Gaussian estimate of the error
in the chiral-quark model result.
(light-blue/light-gray) and the Gaus-
sian treatment (red/dark-gray) of the
uncertainties is given.
– Dortmund 1999 [12] It is based on
the 1/Nc estimate of the hadronic ma-
trix elements, regularized by means
of an explicit cutoff. Chiral pertur-
bation corrections are included (par-
tially) up to O(p4). Two estimates are
given according to whether the input
parameters are kept fixed (red/dark-
gray) or varied (light-blue/light-gray).
The second range given corresponds to
the inclusion of important O(p4) cor-
rections. No central values are given.
– Dubna 1999 [13] It is based on chi-
ral perturbation theory up to O(p6).
I cannot say much about it because
it came out just at the time of this
conference. I have included their full
range according to the tables reported
in the reference above (flat scanning
in light-blue/light-gray, the Gaussian
treatment in red/dark-gray).
5. Strengths and weaknesses of the various
approaches
Since there is no estimate which is safe from
criticism, I would like to try to summarize the
strengths and weaknesses of the various ap-
proaches and leave it to the reader to decide by
himself.
• Roma
– Good: The lattice approach is well-
grounded in first-principles.
– Bad: Half of the computation is miss-
ing: there is no determination of B6,
the value of which must be guessed.
• Mu¨nich
– Good: Clever use of CP conserving
amplitudes. Determination of many
Bi in a model-independent manner.
Experiment vs. Theory
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Figure 2. Experiment vs. theoretical estimates.
See text for full caption.
– Bad: The important parameters B8
and B6 cannot be determined and
must be varied around their leading
1/Nc values.
• Trieste
– Good: All operators (Q6 included) are
determined in a consistent manner; the
full O(p4) chiral perturbation is in-
cluded.
– Bad: Phenomenological model which
is not derivable from first principle.
There is a uncertainty in the match-
ing procedure which is difficult to esti-
mate.
• Dortmund
– Good: State-of-the-art 1/Nc estimate
of all matrix elements.
– Bad: Potentially important O(p4) not
included yet in the analysis. Unstable
matching and therefore very large un-
certainties.
Q1 Q2 Q3 Q4 Q5 Q6 All
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Figure 3. The amplitude A0 in the chiral quark
model. The contribution of the gluon penguin
operator to order O(p4) (green/light-gray his-
togram) is about 20% of the total.
6. The lesson of the chiral quark model re-
sult
The crucial enhancement of the parameter B6 in
the chiral quark model originates in the fit of the
∆I = 1/2 rule that is at the basis of this model.
We could say that it is a revival of the old idea [14]
of having the same gluon penguin operator ex-
plaining the ∆I = 1/2 also give a large ε′/ε (see
Fig. 4). This mechanism works only at a scale
around 1 GeV and is not as complete as in the
original idea (in the chiral quark model the pen-
guin contribution to the A0 amplitude turns out
to be about 20%, see Fig. 3). Clearly for ap-
proaches based on scales higher than mc a dif-
ferent mechanism must be at work to mimic the
same effect (given the scale invariance of the phys-
ical amplitudes).
7. Conclusion
As Fig. 2 makes it clear, there is no disagreement
between the experimental result and the predic-
tion of the standard model once all uncertainties
are properly taken into account. Of the five avail-
Q3 Q4 Q5 Q6 Q7 Q8 Q9 Q10 Q11 Q12 All
-0.5
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ε′/ε
Figure 4. Anatomy of ε′/ε in the chiral quark
model. The ratio is dominated by the gluon pen-
guin operator Q6 but only after all correction or-
der O(p4) are included (the green/light-gray his-
togram).
able estimates today (August 1999), three 6 over-
lap with the experimental range and one of them
(Trieste) even predicted it two years in advance
of the experiments. 7 Only the Rome and Mu¨nich
estimates are somewhat below the current exper-
imental range but they suffer of a systematic un-
certainty, as discussed in the previous section.
If we abstract from the details and the central
values of the various estimates, it is comforting
that in such a complicated computation, different
approaches give results that are rather consistent
among themselves (namely, values of ε′/ε posi-
tive and of the order of O(10−3)) and in overall
agreement with the experiment. This, I think, is
the most important message.
A final word on possible future improvements.
The place where to look for a reduction of the
present theoretical uncertainties is Imλt. Ideally,
6Even though it is true that two of them (Dortmund and
Dubna) suffer of very large errors and can only be used as
indications rather than real estimates.
7It is particularly remarkable that the only prediction that
eventually agreed with the experiment turned out to be
also the only one that estimated (albeit within a phe-
nomenological model) all hadronic matrix elements and
satisfied the ∆I = 1/2 rule.
this coefficient could be determined in a manner
that is free of non-perturbative uncertainties in
the process KL → π0ν¯ν. Such a determination
could easily reduce the uncertainty in ε′/ε by 20-
30%.
On the front of hadronic matrix elements, work
is in progress on various phenomenological ap-
proaches as well as on lattice simulations.
Question (M. Neubert, SLAC): What is
the basis for the “educated guesses” leading to val-
ues of B6,8 close to one, given that all the other
B-parameters known from data show very large
deviations form the vacuum saturation approxi-
mation?
Answer: My very same objection. Anyway,
some come from leading 1/Nc estimates, some are
just guesses.
Question (L. Giusti, Boston Univ.):
Which BK do you use to extract Imλt in the chi-
ral quark model?
Answer: That determined in the chiral quark
model, see Table 1. As a matter of fact, it is
because in this model BK comes out larger than
in other estimates that ε′/ε is not even larger.
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